We show that the method of the complex rotation can be applied to the Dirac Hamiltonian. We compute positions and widths of resonance levels of hydrogenlike ions ͑with Zϭ1 and Zϭ10), described relativistically, in the presence of the uniform dc electric field ͑relativistic Stark effect͒. We show that, for small Z, positions of the resonance levels, given by the relativistic approach, agree well with known nonrelativistic results. The relativistic treatment introduces corrections on the same order both for the resonance positions and widths, and may, therefore, alter widths considerably.
I. INTRODUCTION
The complex rotation method is a well-known tool, allowing to calculate positions and widths of resonances in atomic systems ͓1-7͔. To mention just a few applications, the method has been used in nonrelativistic quantum-mechanical calculations of resonance parameters of doubly excited states ͓8,9͔ or Stark resonances ͓10-12͔ in such systems as He, H Ϫ , or Ps Ϫ . The above mentioned applications of the complex rotation procedure neglected relativistic effects. Recent developments of the experimental technique perfected experimental data to a degree where relativistic effects become observable. For example, in recent publications ͓13,14͔ of 2lnlЈ resonances in helium the authors show that theoretical predictions based on the nonrelativistic approach differ considerably from the experimental data. Only by inclusion of the spin-orbit effects in the scheme of an R-matrix multichannel quantum-defect calculation ͓15͔ were the experimental results explained.
Another manifestation of the relativistic effects has been reported in Ref. ͓16͔ , where a peak in the electron-He ϩ (1s) scattering has been observed, which is forbidden in the pure LS-coupling scheme. The recent experimental studies ͓17͔ of the effect of the strong electric field on helium hint at the important role played by the relativistic effects. Also, forbidden in the LS coupling, doubly excited states have been observed in a single-photon excitation from the ground state of helium ͓18͔.
These findings indicate that, in the spectra of the doubly excited states, or in the process of the interaction of atomic states with electric field, relativistic effects may play quite an important role. Incorporation of the relativistic effects into the scheme of calculation and, in particular, proper modifications of the complex rotation procedure, allowing to take full account of the relativistic effects, seem to be necessary.
In the present paper we propose a modification of the complex rotation method, taking full account of the relativistic effects. We develop the complex rotation procedure for the Dirac Hamiltonian.
II. THEORY
The Dirac Hamiltonian describing an electron, moving in a central potential V(r), can be written as
where m is the rest mass of an electron, ␣, ␤ are 4ϫ4 matrices. We are not giving their explicit form; it can be found in any standard textbook ͑e.g., Ref.
͓19͔͒.
We shall be interested in the case of combination of Coulomb potential and interaction with dc electric field in Eq. ͑1͒, i.e., our goal is to describe relativistically Stark effect in hydrogenlike ions.
We shall be employing in the paper two different systems of units. For the purposes of comparison with previous nonrelativistic calculations, we shall use atomic units system. When carrying out the computations based on the Dirac Hamiltonian, relativistic units, in which បϭmϭcϭ1, where ប, m, and c are Planck constant, mass of electron, and speed of light, are more convenient.
Using this latter system, the Dirac Hamiltonian describing relativistic Stark effect in hydrogenlike ion with nuclear charge Z can be written as ͑assuming that dc electric field F is directed along the z axis͒
where ␣ is the fine-structure constant (␣ Ϫ1 Ϸ137.035 99). Electric-field intensity in Eq. ͑2͒ is measured in relativistic units. The conversion of the intensity to more frequently used atomic units of electric-field intensity is given by the relation F rel.units ϭ␣ 5/2 F a.u. . The Hamiltonian ͑2͒ acts in the Hilbert space, the elements of which are four-component functions ͑bispinors͒ ͓19͔:
͑3͒
where ⌽, ⌶ are the usual two-component spinors. The scalar product of elements ⌿ 1 , ⌿ 2 of this Hilbert space is defined as follows ͓19͔:
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͑4͒
Formally, the complex rotation method can be described ͓4͔ as the complex transformation of the spatial variables: r →r exp(i), where is the so-called rotation angle. Under this transformation the Dirac Hamiltonian ͑2͒ assumes the form
͑5͒
Marked difference of this expression, compared to the nonrelativistic complex rotated Hamiltonian, is the absence of terms scaling under complex rotation as exp(Ϫ2i) ͑terms representing kinetic energy in the nonrelativistic Hamiltonian͒. In the case of the Dirac Hamiltonian both cynetic and Coulomb potential parts of the Hamiltonian scale as exp(Ϫi). In addition, a term with ␤ matrix appears, which does not scale at all.
To proceed further, we must restrict Hamiltonian ͑5͒ to subspaces corresponding to states of given symmetry ͑total momentum J and parity P).
Such states are given by the following four-component functions ͓19͔:
where Y lJ M (n,) and Y l Ј J M (n,) are the two-component spinors obtained in a usual way by coupling orbital momentum l (lЈ) and the spin momentum 1/2 to produce a state with a given total J and its projection M J ϭM . Parity of the state defined by Eq. ͑6͒ is determined by l; it is equal to (Ϫ1) l . For a given J and l in Eq. ͑6͒ lЈ may assume values lЈϭlϮ1 ͑of course, only one of these possibilities is realized for a given J). Functions f (r), g(r) are arbitrary functions of r.
Hamiltonian ͑5͒ acting on the functions of the type ͑6͒ with given J yields ͓19͔
͑7͒
where 
where each of the functions F(r) and G(r) is a Slater-type orbital:
where iϭlϩ1, lϩ2, . . . , jϭlЈϩ1, lЈϩ2, . . . . The Hamiltonian ͑7͒ has nonzero matrix elements only between states with the same M J ͑it is the only conserved quantity in the problem͒. The Hamiltonian matrix, therefore, is to be diagonalized in the subspace spanned by functions ͑11͒, corresponding to a given M J . Below we present numerical results and details of the numerical procedure for the states of hydrogenlike ions.
III. NUMERICAL RESULTS
We consider only the states with M J ϭ1/2 in the present paper. The matrix of the Hamiltonian ͑7͒ was computed in the basis, constructed from the functions ͑11͒ and ͑12͒, as follows.
For a given total momentum J all possible values of l,lЈ in Eq. ͑11͒, compatible with these J and parity ͑there are only finite number of them͒, participated in the building up of the energy matrix. For each l we constructed 24 basis Slater functions F(r) of the type ͑12͒, where parameter i assumed values lϩ1, lϩ2, lϩ3, and parameter i assumed values ␣Z, 2␣Z, 4␣Z, 8␣Z, 16␣Z, 32␣Z, 64␣Z. Radial functions G(r) were constructed quite analogously with only difference that parameter j assumed values lЈϩ1, lЈϩ2, lЈ ϩ3, and parameter j assumed values from the same set as the parameter i above. Such choice of the parameters was motivated by the fact that Hamiltonian matrix, calculated in the basis of the Slater orbitals, becomes ill conditioned rapidly, if only orbitals with the same i ͑or j ) participate in the calculation of the energy matrix. To make the calculation free of these numerical problems, the parameters of the exponential functions should assume values spread over rather large interval, which makes overlaps of these functions small.
The basis functions with both parities and total momenta With the basis set chosen as described above, we computed the matrix H i j () of the Hamiltonian ͑7͒. Since the basis chosen is not an orthonormal one, we need an overlap matrix R i j as well. Thus, solving the Schrödinger equation for the complex rotated Dirac Hamiltonian ͑7͒ amounted to the solution of the generalized eigenvalue problem:
The diagonalization of this problem produces complex eigenvalues. With the basis chosen as above, the dimension of all the matrices involved was Nϭ896.
From the theory of the complex rotation method in the nonrelativistic quantum mechanics, it is known ͓4͔ that, as a result of the complex rotation transformation, the continuous spectrum of the Hamiltonian rotates clockwise ͑where angle of rotation is 2). In terms of the complex eigenvalues of nonrelativistic analog of the complex eigenvalue problem ͑13͒, this property can be restated as follows ͓4͔. Some eigenvalues of the complex eigenvalue problem represent the ''rotated'' continuum spectrum, and they are aligned along the corresponding straight lines in the complex plane; some of the eigenvalues, not lying on these lines, represent resonances or bound states.
In Fig. 1 we present eigenvalues of the complex eigenvalue problem ͑13͒ for the Dirac Hamiltonian ͑7͒ in the field-free case (Fϭ0). The basis set described above was used.
From Fig. 1 one can see that, as far as its action on the spectrum is concerned, the relativistic version of the complex rotation procedure possesses the same property as in the nonrelativistic case, with one important difference. The Dirac Hamiltonian is unbounded from below, and continuous spectrum for this operator is a union of two intervals of the real axis: (Ϫϱ,Ϫ1) and (1,ϩϱ) ͑we remind that we are using relativistic units where mass of electron is 1͒. In Fig. 1 we represent eigenvalues of the problem ͑13͒ for three different values of : 0.2, 0.4, 0.6 ͑nuclear charge Zϭ10). One can see from Fig. 1 that the spectrum of the rotated Hamiltonian ͑7͒ rotates clockwise, the angle between the tangent line to the curve representing continuous spectrum and the real axis at the points Ϫ1,1 being approximately 2, in accordance with what one would expect from the relativistic expression Ϯͱ1ϩk 2 exp(Ϫ2i) for small k. To see better how the bound state 1s 1/2 exhibits itself, in Fig. 2 we present, under magnification, the part of the spectrum of the rotated Hamiltonian of the previous example. As in nonrelativistic case, the eigenvalues of Eq. ͑13͒ representing bound states ͑the state 1s 1/2 is pointed by the arrow in the figure͒, or resonance states, do not change with , while eigenvalues representing continuous spectrum rotate. The former are associated with resonance complex energies E ϭE r Ϫi(⌫/2), where E r is resonance position and ⌫ its width.
In the tables presented below we use atomic units more frequently used in atomic physics. To facilitate comparison of energies, we also subtract the rest mass energy from our results for the real part of the energy, the conversion of the complex energies, therefore, being given by E(a.u.) ϭ␣ Ϫ2 ͓E(rel.units)Ϫ1͔.
In the field-free case the calculation described above yields for the ground level of hydrogen EϭϪ0.500 006 66 a.u., to be compared to Ϫ0.500 006 65 a.u., the value predicted by the Sommerfeld formula. For the Nϭ2 states of the hydrogenlike ion with Zϭ10, the field-free results obtained with the help of the basis described above are as follows: 2s 1/2 , EϭϪ12.520 874 6 a.u.; 2p 1/2 , E ϭϪ12.520 859 6 a.u.; 2p 3/2 , EϭϪ12.504 163 0 a.u.; to be compared with the energies given by the Sommerfeld formula: 2s 1/2 ,2p 1/2 : EϭϪ12.520 859 66 a.u.; and 2p 3/2 : E ϭϪ12.504 163 03 a.u. This suggests that the relative numerical uncertainty of the present calculation is on the order of 10 Ϫ7 . Due to the fact that the basis used is finite, the complex eigenvalues vary slowly with . To investigate this dependence, we performed repeated diagonalizations of the eigenvalue problem ͑13͒ with different values. The results are presented in Table I .
As usual, the value for which this variation is minimal is chosen as an optimal value ͑in our case it is Ϸ0.50), and the calculation for different fields is performed with this value of the rotation angle . It is with the value so chosen that the results for the ground level of hydrogen presented below have been obtained. One further remark concerning the data from Table I for the optimal value of , ϭ0.50, can be used as an estimation of the numerical uncertainty of our calculation. It can be seen from the data in the table that this uncertainty can be estimated as being on the order of 10 Ϫ7 a.u. both for the positions and widths.
The stability of the results with respect to the variations of the size of the basis has been also examined. In Table II we present the results of the several calculations of position and width of the 1s 1/2 resonance in hydrogen for Fϭ0.1 a.u., when the basis described above is modified. We examined convergence of our results with respect to the maximum value of the angular momentum J. In the table we show the results obtained when this maximum J value was being on the order of 10 Ϫ7 a.u., in agreement with our previous estimation of the numerical uncertainty.
As a final consistency check, we studied the results which our approach gives in the nonrelativistic limit. To do that we repeated the calculation with J max ϭ 15 2 with the ''modified'' value of the fine-structure constant, i.e., in the Hamiltonian, the fine-structure constant was ascribed a value 100 times less than its actual value. Since such diminishing of the finestructure constant corresponds to the 100-fold increase of the value of the speed of light, such calculation must closely reproduce results given by the purely nonrelativistic approach. That this is indeed so can be seen from the data presented in Table II . The results of the nonrelativistic calculation ͓20͔ and the present calculation based on the Dirac Hamiltonian, the value of the fine-structure constant modified as noted above, agree quite well.
For the calculation of Nϭ2 states of hydrogenlike ion with Zϭ10, presented below, the numerical uncertainty, estimated quite analogously, was found to be on the order of 10 Ϫ5 a.u. for real and imaginary parts of energy. We do not dwell on the details of the calculation for Zϭ10; it has been performed in essentially the same way as that for Zϭ1.
In Table III we present the results of the present calculation for the positions and widths of the ground level of hydrogen and Nϭ2 levels of the hydrogenlike ion with Z ϭ10 ͑all levels having M J ϭ 1 2 ) as functions of the intensity of the dc electric field.
The results are compared to the nonrelativistic results. For some of the data ͑for Zϭ1) we used the results available in the literature ͓20-22͔; for Zϭ10 we performed a separate nonrelativistic calculation, applying the complex rotation procedure to the nonrelativistic Hamiltonian. The technique of the nonrelativistic complex rotation calculations is well known ͓4͔, and we shall not present the details here. It should be noted, perhaps, that the three Nϭ2, M J ϭ 1 2 Stark levels, presented in the table, correspond, in the nonrelativistic limit, to the following three levels of the nonrelativistic Nϭ2 Stark effect: 2s 1/2 , 2p 1/2 correspond to the levels 2s, 2p with M L ϭ0 ͑where M L is orbital momentum projection͒, 2 p 3/2 corresponds to the level 2p with M L ϭ1.
We remind that, both for Zϭ1 and Zϭ10 data, the relative uncertainty was found to be on the order of 10 Ϫ7 , implying that, for the sufficiently large field values (F у0.04 a.u. for Zϭ1 and Fу4 a.u. for Zϭ10), the relativistic effects upon the widths can be reliably distinguished from the mere numerical uncertainty of the calculation.
As one can see from Table III , for Zϭ1 the relativistic treatment introduces only a very minor correction. This, of course, should be expected, since, in the leading order, the relativistic correction is on the order of ␣ 2 Z 4 , (␣-the finestructure constant͒, which leads to correction on the order of 10 Ϫ6 a.u. for hydrogen. For Zϭ10 the relativistic corrections play more important role, and are, as can be seen from the data presented in the table, on the order of 10 Ϫ3 -10 Ϫ2 a.u. One should note that the relativistic effects for positions and widths have about the same order of magnitude, i.e., relatively to their nonrelativistic values, the positions and widths are changed by roughly the same absolute amount. For example, as follows from the data in Table III , for the ground state of hydrogen, for Fϭ0.04 a.u., the account of the relativistic effects shifts position of the Stark resonance by the amount of 6ϫ10 Ϫ6 a.u., and its width by the amount of 2 ϫ10 Ϫ7 a.u. It means that, while for the position of the resonance the relativistic effects amount to a negligible fraction of 1%, for the width, the relativistic effects manifest themselves at the level of 1%. Even more dramatic example could be found, perhaps, if we considered smaller field values, for which the widths are smaller. For such fields (Fϳ0.03 a.u. and less for hydrogen͒ we could not carry out numerically reliable calculations of the widths, since the widths become less than the estimated numerical uncertainty. Still, we believe, one may conclude from the data presented in Table III that the account of the relativistic effects may modify widths considerably ͑at the level of a few percent͒ even for such light system as hydrogen, when fields are small.
It is worthwhile to compare the present results, given by the nonperturbative complex rotated Dirac Hamiltonian ͑CRD͒ procedure and the relativistic perturbation results, obtained if the term describing interaction with the dc electric field in the Hamiltonian ͑2͒ is considered as a perturbation.
For the energy of the ground state of hydrogen the standard prescriptions of the Rayleigh-Schrödinger perturbation theory lead to the expansion
The coefficient E 0 is the field-free energy of the ground state of the hydrogen atom given by the Sommerfeld formula; coefficient E 1 can be computed analytically ͓23,24͔, and its value is E 1 ϷϪ2.249 875 74. In Table IV we compare the results produced by the CRD procedure, and results, Table IV show that the perturbation expansion produces quite accurate results for the position of the 1s 1/2 resonance in hydrogen for not very large field strengths (F ϳ0.03 a.u., or less͒. With increasing field strength, the accuracy of the perturbation expansion deteriorates rapidly.
IV. CONCLUSION
To conclude, we proposed a modification of the standard procedure of the complex rotation method, allowing to include relativistic effects to a full extent. We have shown that the complex rotation transformation can be applied to the Dirac Hamiltonian ͑CRD procedure͒.
As we saw from the previous discussion, the relativistic treatment introduces relatively minor corrections to the resonance positions, while there may be situations when relativistic effects for widths may be quite significant even for hydrogen. This shows the importance and necessity of relativistic treatment.
The present approach remains valid as long as the Dirac equation based on the Dirac Hamiltonian ͑2͒ provides an adequate tool for the description of an electron in the static external fields. It means, of course, that we must remain within the domain of the field strengths, where one can neglect the multiparticle character of the QED. In particular, the external dc electric field must be much less than the critical value E crit ϳ␣ Ϫ3 a.u. (ϳ10 16 V/cm) for which the multiparticle processes, such as electron-positron pair creation, become significant.
As for generalizing the CRD to the systems with more than one electron, one should keep in mind that, strictly speaking, there is no Dirac equation for the system with two electrons in quantum electrodynamics. One may, however, adopt less rigorous and more practical approach, and attempt to describe the relativistic two-electron system by means of a model relativistic Hamiltonian ͑e.g., in the spirit of the Dirac-Fock approach͒. Then, the straightforward application of the present procedure meets no essential obstacles, apart from some difficulties of technical character due to increased complexity of matrix elements. One should not forget, of course, that such description is not a truly ab initio approach; it might be considered as a tool, allowing to include the leading relativistic corrections in the theory of atomic resonances.
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